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ABSTRACT

A mode],of a sine wave plus noise is presented to show the

interrelationship between phase correlation, time displacement error and

power spectrum of instrt_menttype tape recorders. It is shown that for

small ovservation times, during which the output phase is highly cor-

relateds the time displacement error increases directly with observation

time. For large observation times, however, phase correlation no longer

obtains end time displacement error is constant with t_. In addition,

it is shown that a knowledge of time displacement error is sufficient to

/,

determine the output power spectrum. --7%j"

1964016460-003



ill

TAHLE OF CONTENTS

MAIN BODY

I. I_2RODUCTION i

2. DISCUSSION 3

2.1 Basic Model 3

2.2 The Phase Function 9

2.3 Time Displacement Error 8

2_4 Phase Correlation and Time Displacement Error 9

2._ (_!tputPower Spectrum ll

CONCLUSIONS 14

PROGRAM FOR THE NEXT REPORTING INTERVAL l_

_PF_NDIX 1 17

APPENDIX 2 19

APP_VDIX 3 20

APPENDIX 4 24

RR_ERENC_ 26

1964016460-004



iv

LIST OF ILLUSTR2_TIONS

i Signal and Noise Model 4

2 Composite Phase _h_nction 7

3 Mean Square Time Displacement Error with
Observation Time lO

1964016460-005



l

A PP_IMINARY STUDY OF SINE _AVE PLUS NOISE I_R
A/'PLICATIONTO INSTRI_4_TATION TAPE RECORDER.PERTURBATIONS

i. INTROI_TCTION

A study has been initiated to detelm_inethe causes of noise in

the recorded output of instrumentation tape recorders. As a preliminary

to this stu6_v,some consideration is given to the relationship among the

various parameters which are commonly used to describe the tape recorder

output variations. The parameters are: (1) phase correlation, (2) time

displacement error, and (3) output power spectrum. A model which aids

in formulati_nga mathematical description of these parameters is one

which contains a sine wave and added noise. In the model, the sine wave

represents the unperturbed recorder output and the noise, unwanted dis-

turbances. Initially, it is assumed that the noise spectrum is symmetri-

cally located about the frequency of the sine wave, and contains a non-

zero component at this frequency. The way in which the noise perturbs

the phase angle of the sine ,#ave is developed for two cases: the case

where the phase angle is directly proportional to the noise (p_se mcdu_

lation), and the case where the angle is proportional to the integral of

the noise (frequency modulation). A time displacement error, St, is

derived in terms of the perturbed phase function. The phase function

enables a determination of the time period between zero crossings of the

sine wave, since the peric_ corresponds to an acctmmlation of 2_ radlans

in the phase function. The time displacement error is then shown to be

the difference in time corresponding to the difference between the

1964016460-006
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perturbedand nonperturbedphase functions. It is also shown that the

time displacementerror is a function of the time period between the two

measurementsof the phase angle of the sine wave to a point after which

it is a constantfunction of the time period. The _chanism which pro-

duces this division in the phenomena of time displacs_nt error is the

statisticalcorrelationof the phase _+_unction_t the two _o_intsof

measure° T_is, in turn, is relatedto the reciprocalof the bandwidth
/

of the noise. It is also shown that a _owledge of the time displacement

characteristicsis sufficientto determinethe output spectrumo£ the

sine wave when acted on by the noise.
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2. DISCUSSION

2.1 Basic Model

A model is sought for the manner in which random noise causes

time studfrequency errors in the output of instrument type tape recozders

using speed lock control. Initially, the only aspect of the problem to

be pursued now will be the determination of the relationship among time

displacement error; phase correlation, and output power spectrma. After

this is accomplished, the model will be expanded to include the complexi-

ties introduced by the speed lock mechanism. The effect of speed lock

is intended to suppress the effects of the low frequency components of

the noise at the cost of follow up error. The model now under considera-

tion consists of a sine wave signal generator which is fixed in amplitude

and frequency and has added to it a band limited Gau_siau noise voltage.

This model is shown in Fig. l. What is required is the manner in _,hich

the noise voltage, en affects the signal voltage, es, to produce phase

perturbations in tae output voltage eo. If the signal voltage is ex-

pressed as:

es =E cos t ; (i)

and the noise voltage _6 the sum of cosine waves with random phase

angles:

N

en(t) = Z ci cos (oit- _Pi) , (2)
i=l

1964016460-008
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then* the ou 0	À�¨is:

eo(t) = A(t) cos [_ot - fl(t)_ . (3)

In the abo_ equation, the envelope functioIAmay be expressed as:

A(t) = [E + x(t)]_"+ ye(t) ; (_)

and the phase function as:

e(t) = tan"I E - y(t)"-E+ x(t) ] " (_)

The quantit_ x(t) is the noise voltage In-phase _rlthcos _ot, and y(t)

is the noise voltage in quadrature, The spectrum of x(t) and y(t) are

"_th the low pass equivalent of the spectrum of the noise located at ab.

If the mean square noise voltage in phase with the signal is snell com-

pared to the mean square signal voltage, then amplitude perturbations in

the ost_At may be ignored and the following approximations result:

A(t) r_E , (6)

8(t) _- y(t)/E , (7)

2.2 The Phase Function

The perturb_.tionsin the phase function are directly proportional

to the noise. This process corresponds to a r_ndom phase modulation.

_he powe_rspectrum of the quadrature component of the noise, Wy(,_),is

•_ee Appendix i-o ...... " ..... _ -

,1
t_
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assumed to have a non zero d.c. cor..,ponent,and is narrow band relative

to _o _ Consequently, the phase ezJqibltsslow changes relative to _bt.

The total phase fuuctlo_ may be _itten as:

7(t) = abt - y(t)/E , (8)

and is plotted in Fig. 2 for variations in e with time vel_yclose to ab

because of the narrow band approximation.

A meamArement of the total phase augle 7, corresponds to a t_ane

tl if _l = Oo For a given perturbation 81_ a time displacement error 6tl

occurs which may be approximated by=

el (9)8tl ;-._ ,
O_o

if

dt

The mean square time displacement error is then proportional to the mean

square perttu-bation in the phase angle:

= = (lo)

Therefore, if some aspect of the sine wave signal is mea_sured.>such as a

zero crossing corresponding to a phase angle of 71 --m2_ ra_lians,then

the mean square ti_ disp!e,cement error, relative to the start of the

process at t = 0, is given by (10). The time displacement error is

linearly related to the noise producing it.
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COMPOSITE PHASE FUNCTION
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2.3 Time Displacement Error

In general, it is not convenient to relate the time error to

the beginning of the process (t=O), but rather to take two measurements

displaced by an interval of time x. An error in time 8ti will then

exist at th_.beginning of the measure and one at the end 8te_ where

tm - tl = x. Under the same narrow baud limitations on 6& as imposed

above, the time displacement error accrued over the interval x is=

A_ = 6te - 5t._.= 0e - 01/_o • (ll)

The mean square value of A_ is:

The quantity (0e - 81)2 may be expanded* in terms of the noise quadrature

component y(t) :

(e 2 el)2 2- - _ [,o-Ry(_)3 _ (Z3)

where #o is the mean square value of the noise,

Ry(x) is the autocorl-elation function of the noise,

i.e. : % --_,(o) o

Therefore =

*See Appendi-:2.
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The autocor_elation function may in turn be related to the power

spectrum of the noise by the Wiener-Ehlnchi I relations:

co

.Ry(_)= _ Wy(f)cos_ . (l_)
o

As an illustration of the above, assume that the noise is shaped by an

RLC filter _ith outer frequency _o" The location of this filter in the

model is shown in Fig. i. Using expressions (14) and (]._)=

a_2=_(i- _-_aT}, (16)
abn

where _a is the half power radian frequency of the low pass equivalent

of the RLC filter. A plot of (16) is shown in Fig. 3.

2.4 Phase Correlation and Time.Displacement Error

In view of the previous discussion, the relationship between

the time displacement error and the statistical correlation cf the noise

may be demonstrated. From expression (16) it is seen that for a small

observation time the following approximation results=

2_o

A_a _2e-_- _- v , (17)

for T << i/a_ .

Consequently, at _ = 0, Ax2 = 0 since complete correlation of the noise

exists. _s x increases slightly from zero, the phase angle at the

1964016460-014
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FIG. 3

MEAN SQUARE TIME DISPLACEMENT
ERROR WITH OBSERVATION TIME
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beginning and at the end of the period _ has not ch_ed to any large

degree, since correlation still exists in the phase angle for very small

_ As _ is increased towards i/_, correlation in the phase angle at

J the end of the period.,relative to the beglrming_ decreases with a re-

sulting increase In the t_me displacement error, J_.nah_y_ _fhen the
i

period _ exceeds ]/_a no correlation exists. A measurement, at the begin-i

ning of the interval is statistically independent o£ one taken at the

i end. The error is additive and becomes twice that obtained at the be-

ginning, it being equal to 2_o/_E e.

i 2.5 Out2ut Power Spectrum

What is desired is s_ expression for the _ower spectrum of the

voltage eo based on the mode],which appears in Fig. i. The approach is

to obtain the autocorrelation function of eo and then, using the Wiener-

EhinchinI relation

Weo(f) Reo( )cos , (18)
O

J

.! obtain the I_wcr spectrum° %%reautocorrelation function oI' eo may be

obtained by taking the time average of the output s_,_paratedby a time

interwal ,_:

The b_- over an expression will signify a time average. An expression

for the output eo is given by (3). Substitution of (3) into (.19),

evaluating the indicated time ave_:ages, and invoking o, n_'_row band

1964016460-016
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approxim_%tion"_result in:

In Appendix 3, it,is shown that:

_,j[e.lt) - 0(t+-r)] _ t-[Re(O) - %(_)3 , (2!)

w

(e2_e_)2 A2 _2°
ERe(O)- %(u)] =-_ = 2 " (22)

Consequently_ the power spectrum in terms of the time displacement

error is:

eo A_2_

%o(f) = 4(_/2) _ e g cos %_ cos a_ _ , (23)
o

!: the contribution to the power spectrum at 2fo is assumed to be sma]&,

then

w

co A_2_

Weo(f) _ E2 _ e '_ COS (_J_Clb)_ d'_ , ("%)
o

An expression for the power spectrum may be obtained in terms of the

quadrature component of "thenoise, y(t), from (14) m_d (15)=

*See Appendix 3_

1964016460-017
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--_'?= ,22_ _ _y(f)(_. - cos_) _ . (2_)
"_o o

If the random noise is producing equivalent phase modtulation, then

O0 O0

O 0
(26)

For equiva_ent frequency modulation*:

o o (27)

*See Appendix _,,

1964016460-018



CONCLUSIONS

Utilizing a basic model of signal and noise, the relationship

between phase correlation and time displacement error can be formulated

in terms of sign&l and noise parameters. The time displacement error

dependence upon time of observatiozL is illustrated for the case where the

noise spectrum is shaped by _ RLC filter, and the composite phase az_le

is directly proportional to the quadrature component of the noise. For

this equivalent phase mod_latlon case, the results appear to be in agree-

ment with reported2 time displacement errors with respect to the general

shape of the time characteristic.

Theoretically, a knowledge of the time displacement error is

sufficient to determine the output power spectrum. In addition, the

output power spectrum may be obtained by considering the basic model as

a mechanism for producing equivalent phase and frequency modulation due

to a random mod_atlon process. Consequently, k_own analytical tech-

nlq_es"_used for _handlingmixed random _ deterministic a_gle modulation

processes may be applied to the problem of spectrum detemluation of the

tape recorder output.

1964016460-019



PROGRA_JFOR THE NEXT ItEPORTINGINTERVAL

1. Experimental Phase

A report is in progress on data gathered using the experimental

auction discriminator at Ne-_Ybrk University. It includes cur-_s showing

probability of detection versus false alazunrates, probability of de-

tection over the comb filter frequency range, and additional curves of

interest. This report concludes the present stage of experimental work

at New York University.

2. Residue Arithmetic

A relx_rtis completed which suz_rizes a survey on residue

arithmetic. This report includes a review of the residue number systems,

its advantages and the problems involved in using it.

,_ 3. _ Recorder Stud_

An analysis of a servo tape speed control system is now being

conducted. In this study, it is assumed that a sinusoidal signal is

recorded on tape and then played back. 'l"nephase variation between the

playback signal and a fixed reference _'i!lbe obtained. The object of

the study is to determine time displacement errors, phase perturbations

and frequency pert_rbations under the influence of a speed control

mechanism,

1964016460-020
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I_. _CM.M_j_nchronizationAnal_s

Ca&culations are in progress for the probability analysis of the

method,p!armed to be used in syncbmonizing a PCM signal with the d_ta

processiug system. Aualytic relations h_ve been determined for the proba-

bilities cf _orrect and incorrect decision at the counter outputs for

_ both the acquisition•and lock modes° _lese probabilities are expressed

as functions of saa_plesize_ bit error probability or slgnal-to-noise

ratio_ tolerable bit errors .pezframe synchronization word _d counter

, settings, Performance curves will be obtained to determine the most

desirable settings for the frame sync pattern detector and for the

: counters in the search and. lock unit,

,!
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APPENDIX I

The output voltage resulting from the process of signal plus

noise is:

eo(t) = es(t) + en(t) _ (l-l)

where the signal voltage is:

es(t) = E cos abt , (1-2)

and the noise voltage representedl by._

N

en(t) = _, ci cos (_it - _i) _ • (1-3)
!1

N

en(t ) .-. _ c i cos (_i t + _b t - _o t - _i) , (1-4)
i=l

en(t) = x(t) cos abt - y(t) sin _ot , (1-_)

_ which expresses the noise voltage in terms of the component x(t) in-ph_e

_.th cos abt, and y(t) in _.mdrature _th cos abt. If the power spectrum

of the noise is Wn(_-ab), then the power spectrum of the quadrature corn-

: ponent and in-phase component of the noise is:

1964016460-022
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The output voltage _ay then be _Itten as:

eo(t) = _E+ x(t)._ccs _ot - y(t) sin abt , (I-7)

eo(t) = A(t) cos Jabot- _(t)] ; (1-8)

where

A(t) --EE = x(t)__+ ym(t) ,

e(t) = tan-_ y(t)
E + x(t) " (1-9)

1964016460-023
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APPENDIX 2

The _h_se angle e is measured at _:Imetx a_S ta, where the time

interval between measure is _. Usi-ngthe riotation ex = _(tl) and

em= e(ta)= e(t+_),the mean square value of the phase difference may

be expanded as:

w _w

(e2- eO2 = e_. e_- 2eze._..

and

The quantity $o is the mean square value of the noise;

GO

_o--_ wy(z)_ , (2,.4)
O

and Ro(_) is the autocorrel_tion function of the phase ar_gle,which is

dizectly proportional to the autocorrelation function of the quadrature

component of the uoise, Ry(_). Therefore:

1964016460-024
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APPE_D_

eo(t)= E cos[_ot+ e(t)] , (3-i)

and

' Reo(_) = eo(t) eo(t+_) _ (3-2)

Heo(_.) = E2 .[ cos [abt + e(t)] cos [mo(t+_) + 8(t+%)] } , (3-3)L

Reo(X ) : Ee/2 { cOS [2x_ot+ a_OX+ e(t) + e(t+x)]

+ cos[-_o_+ e(t)- e(t+_)]) (3-_)

T

Reo(._) = E2/2 !ira { _ cos [_ot + c_o_ + e(t) + e(t+_)]dt
T-oo _T_

2

T

+_ cos[_ +e(t) - 0(t._-)]at) . (3-5)
2

In expression (3-9) above:

cos[2_ot* mo_+ e(t)+ e(t+_)]

: COS [f(t,%)] COS 2mot - sin [f(t_)] sin SCot . (3-6)

1964016460-025
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The _hmctionscos [f(t,x)]_,d sln [f(t,x)]are slowly varying functions

comparedto cos 2abt and sin 2abt. Therefore:

T
0

lira _ cos [_Lbt + abx + e(t) + e(t+x)]dt_ 0 , (3-7)
T _ oo.T_°

2

and

T
2

Reo(X)_ Era/2 llm _ cos [a_x + e(t_ - 8(t-x)]dT , (3-,8)
2

Reo(X) _E212 e { _"jab_ cjEe(t) " e(t+_)]} . (3-9)

Consider the quantity:

eJ[ez _- e2]

where

e_o= e(t)

and

8m = 0(t+x) .

The time averageof the exponentialfunctionalmay be determinedby con-

sideringthe ensemble average. The expectedvalue of the exponential
l

fuuction_!may then be expressed_ in terms of the characteristici_Auction:

E { _j'_,_ez+ Jgme2} = Feze2(_z,G2) , (3-1o)

i

1964016460-026
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_._ cJel+ je2} = Fele2 ( °���,�0�.(3-n)

For a Gaussian Joint distributionin 8:

where it is assumed that the mean value of 8 is zero. In (3-12):

'
is the transposematrix [_]. _a] ,

IKII Kme-KeeiK is the eovariancematrix LK2z

Replacingthe covarianceby a correspondingtime average:

m

Kz2 = ez82 = Ic_.1 ,

2
K22 = e_ •

Therefore:

1964016460-027
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an_

Fel,ee(+l,-l)= e

= e2 ,

then

'--- - _-_) _3-_)"_e

Fel,ee(+l,-l) = ¢

Fel,ee(+l,-1) =

Therefore:

_j__ =-[R_(o)-Re(_)] . (]-_6)

1964016460-028
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_PENDIX 4

The output voltage of the composite signal acted upon by noise

is:

eo= E cos[,_,t �O(t)]. (_-Z)

If the angle 8 is proportional to some modulating noise y(t), tl_enthe

process is phase modulation by noise:

e(t) = _y(t) . (4-2)

The power spectrum corresponding to the noise y(t) is Wy(f). For an

equivalent frequency modulation proces._,by the noise, e is proportional

to the integral of the noise:

t

e(t) = Df _ y(C_)do_ . (4-3)
O

Let it be a_sumei that the Fourier t_ausform of y(t) is given by:

[y(t)} = Y(J(_) , (4-_)

The Fourier transform of the integral ¢f y(t) is:

1964016460-029
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Consequently3the power spectrumof the l_rocessproducingequivalentfre_

quencymodulationmay be obtainedby dividing the power spectrum of the

processproducingequ_,valentphase rood_ulationby _.

1964016460-030



26

RE_CES

I_ Rice, S. O. "Mathematical Auaiysis of E_u_om Noise." Bell S___
Technical Journal, Vols. 23 and 24.

2. Schulze, G. H. "Tim_ Displacement Errors in Instrumentation Tal_

Vol.Rec°rders'13Londo_26_-_-_"_ _ Intern_tionsl Telemsteri_,

3. Middleton, D. An Introductiqn to Statistical C_ic_tiqn ___.
New York: McGra_ Hill.

1964016460-031




